TAMING SYMPLECTIC FORMS 
AND THE CALABI-YAU EQUATION 



Valentino Tosatti*, Ben Weinkove* and Shing-Tung Yau* 

* Mathematics Department 
Harvard University 
Cambridge, MA 02138 



Abstract. We study the Calabi-Yau equation on symplectic manifolds. We 
show that Donaldson's conjecture on estimates for this equation in terms of 
a taming symplectic form can be reduced to an integral estimate of a scalar 
potential function. Under a positive curvature condition, we show that the 
conjecture holds. 



1. Introduction 

Calabi's conjecture [Cal| . proved thirty years ago by the third author 
[Y] . states that any representative of the first Chern class of a compact 
Kahler manifold (M, to) can be uniquely represented as the Ricci curvature 
of a Kahler metric in a fixed cohomology class. This can be restated in terms 



of volume forms as follows. For any volume form a satisfying f x cr = J 



x 



there exists a unique Kahler form Co in [uj] solving 

Co 11 = a, (1.1) 

where n the complex dimension of the manifold. We call (II. lh the Calabi- 
Yau equation. 

Recently, Donaldson [D] has described how the Calabi-Yau theory could 
be generalized in a natural way in the setting of two-forms on four-manifolds. 
His program, if carried out, would lead to many new and exciting results 
in symplectic geometry. A necessary element of this program is to obtain 
estimates for the Calabi-Yau equation on symplectic four-manifolds with a 
compatible but non-integrable almost complex structure. The second author 
has recently shown in this case that the key estimates of [Yj can all be 
reduced to a C° estimate of a potential function, and that the equation can 
be solved when the Nijenhuis tensor is small in a certain sense [W2j . In this 
paper we will make some further progress towards Donaldson's program by 
showing, in a more general setting than in [W2] , that the estimates for (jl.ip 
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can be reduced to an integral bound of the potential function, and that all 
the estimates indeed hold under a curvature assumption. 

Before stating the results precisely, we will recall some basic terminology. 
An almost-Kahler manifold is a symplectic manifold (M, uj) together with a 
compatible almost complex structure J, meaning that uj and J satisfy the 
two conditions 

u(X, JX) > 0, for all X / (1.2) 
uj{ JX, JY) = uj(X, Y), for all X, Y. (1.3) 

Associated to this data is a Riemannian metric g given by g(X, Y) = 
uj(X, JY). We call uj an almost-Kahler form, and g an almost-Kahler metric. 
On the other hand, if the first condition (|1.2|) holds, but not necessarily the 
second fjl .31) . then we say that uj tames J. In this case, we can still define a 
Riemannian metric g by 

g(X, Y) = X - (uj(X, JY) + uj(Y, JX)) . 

Observe that g is an almost-Hermitian metric, meaning that g(JX, JY) = 
g(X, Y) for all vectors X and Y. 

In [DJ, Donaldson made the following conjecture. 

Conjecture 1.1 Let M be a compact ^-manifold equipped with an almost 
complex structure J and a taming symplectic form SI. Let a be a smooth 
volume form on M with f M a = f M Q 2 . Then if Cj is an almost-Kahler form 
with [Cj] = [Q] and solving the Calabi-Yau equation 

Cj 2 = a, (1.4) 

there are C°° a priori bounds on uj depending only onVt,J and a. 

If this conjecture were to hold, it would imply, by the arguments of [D] 
(see also the description in |W2] ) . the following result. 

Conjecture 1.2 Let M be a compact ^-manifold with b + (M) = 1 and let 
J be an almost complex structure on M . If there exists a symplectic form 
on M taming J then there exists a symplectic form compatible with J. 

Moreover, Conjecture 11.11 would also imply a Calabi-Yau theorem on 
almost-Kahler 4-manifolds (M,uj) with b + (M) = 1: given a normalized vol- 
ume form a there would exist a unique almost-Kahler form uj £ [uj] satisfying 
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Co 2 = a. For other applications of Conjecture ll.lt an d to see how it relates 
to Donaldson's broader program, see [D] , 

We now state our results. Our first result says that, in any dimension, all 
the a priori bounds for Conjecture 11.11 can be reduced to an integral bound 
of a scalar potential function. Namely, given any symplectic form Q and 
almost-Kahler form Co with [Co] = [O], define a smooth real- valued function 
cp by 

1 - Co 71 ' 1 A 

— A</> = 1 — , sup^ = 0, (1.5) 

2n uo n m 

where A is the usual Laplacian on functions associated to the almost-Kahler 
metric g. Then we have the following result. 

Theorem 1 Let a > be given. Let M be a compact 2n-manifold equipped 
with an almost complex structure J and a taming symplectic form Q. Let 
a be a smooth volume form on M with J M a = J M £l n . Then if Co is an 
almost-Kahler form with [Co] = [Q] and solving the Calabi- Yau equation 

cD" = a, (1.6) 

there are C°° a priori bounds on u> depending only onVt, J, a, a and 

iM ■= [ e-^ir, 

JM 

for if defined by l\1.5\) . 



Remark 1.1 

1. The function (p is precisely the usual Kahler potential in the case that 
Co and Q, are Kahler forms, and it coincides with the 'almost-Kahler 
potential' <p\ in the terminology of |W2] if they are both almost-Kahler. 

2. We recall a general result in Kahler geometry [H], [T], which is in- 
dependent of the Calabi- Yau equation: the quantity L a (ip) is always 
uniformly bounded if f2 and Co are Kahler, as long as a is sufficiently 
small (where the bounds depend only on M , f2, J and a). Indeed, the 
supremum of all such a so that this quantity can be bounded indepen- 
dent of Co £ [Q] is known as the alpha-invariant and has been much 
studied [T], [TY]. 
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3. It can be easily checked that Theorem 1 still holds if [u>] 7^ [Q], as in 
[W2J. Also, some of the estimates go through if u> is assumed to be 
only quasi-Kahler (see Section 2 for the definition). 

4. As remarked in [Dj, Conjecture [L2] is false in dimensions six or higher. 
The deformation argument used to infer it from the first conjecture 
crucially uses four dimensions. It is still possible, as far as we know, 
for Conjecture 11.11 to hold in all dimensions. However it is also quite 
possible that a four dimensional argument will be needed to remove 
the dependence on I a (<p) in Theorem 1. 

5. Donaldson has shown, in four dimensions but in a much more general 
setting, that the a priori bounds will follow if u) is bounded in the 

norm and has fixed modulus of continuity. In [W2j . it was shown, 
again in four dimensions but in the case where O is almost-Kahler that 
the estimates can be reduced to a C° bound on ip. 

Now let g be the almost-Hermitian metric associated to O and J. There 
exists a canonical connection V associated to (M, g,J). This differs from the 
Levi-Civita connection, and it is described in section 2. Under a positivity 
condition on the curvature of this connection, we can solve Donaldson's 
conjecture. More precisely, define a tensor 

where R J - is the (1,1) part of the curvature of V and iV represents the 

ikl 

Nijenhuis tensor (for precise definitions, see section 2). We write 1Z > if 
n {]kI X i laY k Y I > for all (1,0) vectors X and Y. 

Theorem 2 If1Z(g,J) > 0, Conjecture [777] holds. 

In fact under this condition we can prove Conjecture ll.ll in any dimension 
2n. Note that if g were Kahler and the bisectional curvature of g positive, 
then we would have 1Z > 0. Hence the condition holds on CP n if the pair 
(0, J) is not too far from the Fubini-Study symplectic form paired with the 
standard complex structure. 

It will be convenient to reformulate Donaldson's conjecture as follows. 
Let g be an almost-Kahler metric with Kahler form ui satisfying (jl.ip . Write 
a/nl = e F dV g where dV g is the volume form associated to g and F is a 
smooth function on M. Then (jl.ip can be written locally as 

det g = e 2F det g, (1.7) 
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Finding bounds on g depending only on g, J and F is equivalent to solving 
the conjecture. 

A key tool in this paper is the use of the canonical connection and 
the formalism of moving frames instead of the Levi-Civita connection and 
a normal coordinate system. This simplifies and improves many of the 
estimates in |W2j . In section 2, we give the background on almost-Hermitian 
metrics and canonical connections and prove a number of formulas for later 
use. In section 3, we prove an estimate of the metric g in terms of the 
potential 92. This is the analogue of the second order estimate of [Yj. In 
section 4, we give an estimate of the first derivative of g in terms of g itself. 
This is the analogue of the well-known third order estimate of [Yj (which 
was inspired by that of Calabi |Ca2j ). In fact, this section is not strictly 
necessary to complete the proofs of the theorems, since we could have instead 
appealed to the argument in [W2] , adapting the technique of Evans [E] and 
Krylov |Krj . However, we have included the 'third order' estimate since it is 
self-contained and in the spirit of the rest of the paper. In section 5, we give 
a proof of Theorem 1. We make use of a Moser iteration argument as in [Y] . 
but applied to the exponential of tp in a similar way to [Wlj, to obtain a 
C° estimate of <p depending on I a (<p). We also prove higher order estimates 
using a bootstrapping argument. Finally, in section 6, we give a proof of 
Theorem 2. 

2. Almost-Hermitian manifolds and the canonical connection 

In this section, we give some background on almost-Hermitian manifolds, 
almost- and quasi-Kahler manifolds, the canonical connection and its torsion 
and curvature. Many of the results of this section are well-known, and so we 
have omitted the proofs of several of the lemmas (a good reference for this 
material is [G]). On the other hand, whenever precise formulas do not seem 
to be readily available in the literature, we have provided the arguments. 

2.1. Almost-Hermitian metrics and connections 

Let M be a manifold of dimension 2n with an almost complex structure 
J and a Riemannian metric g satisfying 

g(JX, JY)=g(X,Y), 

for all tangent vectors X and Y . We say that (M, J, g) is an almost- 
Hermitian manifold. 
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Write TpM for the (real) tangent space of M at a point p. In the 
following we will drop the subscript p. Denote the complexified tangent 
space by T C M = T R M ® C. Extending g and J linearly to T C M, we see 
that the complexified tangent space can be decomposed as 

T C M = T'M © T"M, 

where T'M and T"M are the eigenspaces of J corresponding to eigenval- 
ues y/—l and —\f—\ respectively. Extending J to forms, we can uniquely 
decompose m-forms into (p, g)-forms for each p, q with p + q = m. 

Choose a local unitary frame {ei, . . . , e n } for T'M with respect to the 
Hermitian inner product induced from g, and let {6 ,...,9 n } be a dual 
coframe. The metric g can be written as 

g = e i ®¥ +e*®0*, 

where here, and henceforth, we are summing over repeated indices. 

Let V be an affine connection on T*M, which we extend linearly to 
T C M. We say that V is an almost- Hermitian connection if 

VJ = Vg = 0. 

It is well-known that (see e.g. |KNj ) : 

Lemma 2.1 Almost- Hermitian connections always exist on almost- Hermitian 
manifolds. 

Prom now on, assume that V is almost-Hermitian. Observe that for 

i = l,...,n, 

J(Ve;) = V^lVei, 

and hence Ve, G T'M ® (T C (M))*. Then locally there exists a matrix of 
complex valued 1-forms {9f}, called the connection 1-forms, such that 

Applying V to g(ei,~e]) and using the condition Vg = we see that {6j} 
satisfies the skew-Hermitian property 

0?' + 0J = O. 

Now define the torsion & = (0 1 , . . . , n ) of V by 

d9 { = -6) A 9 j + 9', for i = 1, . . . , n. (2.1) 
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Notice that the 0* are 2-forms. Equation (|2.ip is known as the first structure 
equation. Define the curvature = of V by 

de* = -eiAe* + (2.2) 

Note that {^} is a skew-Hermitian matrix of 2-forms. Equation (|2.2p is 
known as the second structure equation. 

2.2. The canonical connection 

We have the following lemma (see e.g. [G]). 

Lemma 2.2 There exists a unique almost- Hermitian connection V on (M, J,g) 
whose torsion has everywhere vanishing (1,1) part. 

Such a connection is known as the second canonical connection and was 
first introduced by Ehresmann and Libermann in [ELj . It is also sometimes 
referred to as the Chern connection, since when J is integrable it coincides 
with the connection defined in [Chj . We will call it simply the canonical 
connection. 

Define functions T\ and iV4 by 

J K j k 

(Qi)(2,0) = jii^j A0 k 

(9<)(o,a) = N i0j A 0k, 

3 k 

with T\ k = -TL and N* = -N*. 

J™ K J j k kj 

Lemma 2.3 The (0,2) part of the torsion is independent of the choice of 
metric. 

Indeed (©^(o* 2 ) can be regarded as the Nijenhuis tensor of J. For a proof 
of this lemma, see section 3. 

Let's consider now the real (1,1) form 

u = V r 16» i A ¥. 

We say that (M, J, g) is almost-Kahler if dco = 0, and that it is quasi- 
Kdhler if (duj)^ 1 ' 2 ^ = 0. An almost-Kahler or quasi-Kahler manifold with J 
integrable is a Kahler manifold. Observe from the first structure equation, 

du = ^/^l{Q i A ¥ - 9 i A e 1 ) 



y/^itm^ a 03 a e k - Ni T e l a 3 a i 

v J k j k 

+ T]^ A 9 j A 6 k - Tf^ A ¥ A ¥). 
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Thus we have the following alternative definitions using the torsion of the 
canonical connection. 

Lemma 2.4 An almost- Hermitian manifold (M, J, g) is almost-Kdhler if 
and only if 

Tjk = °i 

N- irk + N rk - i + N- k - i3 = 0, (2.3) 
where Njj k = Nj-, and is quasi-Kahler if and only if 

r; k = o. 

In particular on a quasi-Kahler manifold the torsion of the canonical 
connection has only a (0, 2) component 

= m T eJ a ¥. 

3 k 

2.3. Curvature identities 

Let (M, J, g) be an almost-Hermitian manifold and let V be the canonical 
connection with torsion and curvature Define R J ik j, K)m an d ^jkl 



(^.)(2,0) = K ) M 9 k AO 

( ^. ) (0,2) =K i_^k A ^ 

with K] h c = —K\ h and K 1 -- = —K 1 --. We define the Ricci curvature and 

J Kt 3 tK jk£ jik 

scalar curvature of the canonical connection to be the tensors R,-„ = R l - 

tkt 

and R = R kk respectively. 

We will now derive some curvature identities. Applying the exterior 
derivative to the first and second structure equations, we obtain the first 
Bianchi identity, 

d& = ¥ rj A0 j -6) A6 3 , (2.4) 
and second Bianchi identity, 

d¥j = %A6 k - 6iA^. (2.5) 
Let us rewrite these. First, define Tj kp , T l - k - by 

**ik + ^k- - T]f k = T* h JP + T* k jBP, (2.6) 
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and N± T and Ni T _ by 

J k,p 3 k,p 

dm T + eiN? T - Ni T ¥ - nLW = Ni T e p + m T _¥. (2.7) 

JK P -j k pk 3 jp K 3 k,p 3 k,p v ' 

Then the first Bianchi identity can be written as 

dTj k a e j a e k - T jk e p ' a e p a e k + r; fc e j Ae k + T jk e j a e k p a p 
-rl^' a e fe + div4 T a¥ a¥- m T ei a¥a¥ 
-\-Nij¥ a¥a¥ + Ni T W a¥ - Ni T W a 

j fc P j k j k 

= K) u B k a Q l a e j + R* kI e k a ¥ a e j + k^j¥ a ¥ a e j 
—Tj^Oj a e k a e e - Ni-fj a¥a¥. 



After substituting from f|2.6|) and (|2.7p . and comparing bidegrees, we arrive 
at the following four identities: 

(7] M + 22^2* - K) H )Qi A 9 k A 9 e = 



( 2T P3 N -kl + N k 3 - K )k^ 3 _ A ^ A F = 
(Nj-^ + lNl^W a¥ A¥ = 0, 

which are equivalent to: 

Tjk,£ + Tk£j + Tlj,k + ^pj^M + ^Tpk^ej + 2Tp £ rJ fc = + if^ + K^- fe (2.8) 

_ 2T ^Il + % = ^ (2-10) 
ATI + jvj + jvj,_ + 2NinXf, + 2Nl T T p . + 2N i _ 1 T p , = 0. (2.11) 

k£,j tj,k pj ki pk tj pi 3 k K ' 

By a similar reasoning, we obtain the following from the second Bianchi 
identity: 



(K* H>p + 2TlK) qp - R) m N«_)O k A0 A6 P = 



(K* - m m , + R'T" + 2K)- qV Nl-)9 k A 9* A & = 



jke,p ll jkp,e ~r l jqp ke ' jQp 
i^klP + K flP,k + - R 3k^ k A F A ^ = 

+ + 2K mTleW k A * A W = 0, 
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where Kj k£p , K % - kl - etc. are defined in the obvious way. The above four 
identities can be rewritten as 



+ 2 Kk K U ~ R U N l- p ~ R h N h ~ R )m N il = ( 2 - 12 ) 
2Kjke,p ~ Rjkp,i + R)ep,k + 2Rj q pT]t e + AKjgpN— = (2.13) 

r )u,p - R )m + 2K fl- P , k + ± K U N ip - 2R )*n> = ° ( 2 - 14 ) 

K h,p + K kt + + ^t^V; + R ^ N h 

+ 2^T|, + 2i^T« + 2K\_-^ )k = 0. (2.15) 

Now assume that (M,g, J) is quasi-Kahler, so that the (2,0) part of the 
torsion vanishes. Then (|2.9p . (|2.10p and (|2. 13|) above simplify to 



2Kjk£,p + ^]qp^\j ~ R% i k vt ~ R )ep~,k- (2-18) 
Recall that the curvature matrix is skew-Hermitian, hence 



K) U = K> R] h7 = Rl v . (2.19) 



M ilV jke ll iek 

From this we compute 



R\ = R] l 

jkt kjt pt j k 



R k r + 

it] pt j k 



nj pt. j k it pj 



R{ + AN l _- B N?- + 4JV?JV*,. (2.20) 

kji pt jk it p] y J 



giving us the following formula for the Ricci curvature 



R- = R\ =Ri.-r + 4Ni 7 N?- + 42V*/V*,. (2.21) 

kt ikt kit pi ik il pi v ' 
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2.4. The canonical Laplacian 

Suppose that (M, J, g) is almost-Hermitian and let V be its canonical 
connection. Let / be a function on M. We define the canonical Laplacian 
A of / by 

A f = E (( V W)(e*,e?) + (VV/)(e-, ei )) . 

i 

This expression is independent of the choice of unitary frame. 
Define fa and fj by 

df = + f 1 9 i . (2.22) 

Writing df and df for the (1,0) and (0,1) parts of df respectively we see 
that df = f$ % and df = fj6 l . Applying the exterior derivative to (12. 22ft 
and using the first structure equation we obtain 

= dfi A 6 l - fi6) A 0* + fi& + dfj A 9 i - f-9) A0J + f-W 
= (dfi - f,(>!) A 9 l + (df- — fjOj) + f t & + /je*. (2.23) 
Define f ik , fa, / ft and % by 

dfj-ffi=f lk k + f^. 
Taking the (1,1) part of (|2.23|) we see that 

^A^ + /^ fc A^ = 0, 

and hence 

f-=f- 

J ik J ki' 

Now calculate 

vv/ = v(0 + 0) 

= df i ®e i - fi0)®9 j + df J ®e~ i - f$®& 

= (fijV + frfi) ® + tfif + hf 1 ) ® 

Hence 

M = k + h = 24- (2-24) 
There are other ways of writing A/. 
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Lemma 2.5 

A/ = -2^(da/)( 1 ' 1 )(e i ,el) (2.25) 

i 

= 2^(d5/)( 1 ' 1 )(e l ,el) (2.26) 

i 

= ^^(W))^^,^), (2.27) 

i 

where J acts on a 1-form a by (Ja)(X) = a(J(X)) for a vector X. 
Proof Calculate 

ddf = dim 

= (fikO k + f^W + wi) ao'- ne) a e> + n& 

= hkO k A & + f^¥ A 0* + fiO\ (2.28) 

Hence 

(^P'^-Z/AP, (2.29) 

and ([2T25]) follows from (f!T22j) . For ([236]) . just observe that <9 = (i - 3 and 
d 2 = 0. For ([237D . recall that J6» i = v 73 !^. Then 

d(Jdf) = d(J{0 + f-^)) 

= v=id(0 -m 

= V=id{df - df) 

= 2^lddf. 

□ 

Finally we have the following lemma. 

Lemma 2.6 If the metric g is quasi-Kahler then the canonical Laplacian is 
equal to the usual Laplacian of the Levi-Civita connection of g. 

Proof In fact, the Laplacian of the Levi-Civita connection applied to a 
function / is given by the trace of the map F : TM — » TM defined by 

F(X) = V x (grad,/) +r(grad 5 /,X), 

where V is the canonical connection and r is its torsion (see for example 
[KNj p. 282). But if g is quasi-Kahler r is just the Nijenhuis tensor, which 
maps T"M (g) T"M — > T'M and so the second term above has trace zero. 

□ 
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3. Estimate of the metric 



In this section we will prove an estimate on an almost-Kahler metric g 
solving (jl.7p . in terms of the potential function ip. Recall that 99 is defined 
by (|1.5|) . which can be rewritten as 

Aip = 2n — tr-gg, (3.1) 

since 

tT- g g = 2n — . (3.2) 



To see (I3.2p . observe that 



9ij — q l^ik'Jj ~l" QjkJi 



and so we have 



tT g9 = g lj 9ij = J %k ^ik, 

where J tk = g il Jj . Working in a coordinate system in which cD = dx 1 A 
dx 2 + • • • + dx 2n ~ l A dx 2n and g^ = Sij at a fixed point p in M we see that 



J ik n ik = 2n 



Co" 1 - 1 a n 



LO 1 



as required. 

The estimate we wish to prove in this section is: 
Theorem 3.1 Let g be an almost-Kahler metric solving the Calabi-Yau 



equation (1.1), where g is an almost- Hermitian metric. Then there exist 
constants C and A depending only on J, R, the lower bound oflZ^^j, sup \F\ 
and the lower bound of AF such that 

tv g g < Ce A ^-' m{M *\ 

We first compute some general formulas which are completely indepen- 
dent of the Calabi-Yau equation. Let (M, J) be an almost complex manifold 
with two almost-Hermitian metrics g and g. Let 9 l and 9 l be local unitary 
coframes for g and g respectively. Denote by V and V the associated canon- 
ical connections. We will use 0, etc. to denote the torsion, curvature and 
so on with respect to V. Define local matrices (a*-) and (bj) by 

¥ = a)e j (3.3) 
9 j = bi^, (3.4) 
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so that dj b k = 5 k . Define a function u by 

u = a l } a % - = ^tr g g. 

Differentiating (|3,3p and using the first structure equations we obtain 

-¥ k A§ k + & = da) A 0i - a)e{ A9 k + a)QK 
Using (|3.4p and rearranging, we have 

(bP k da) - a%6\ + ¥ k ) a¥ = &- a)Q j . (3.5) 
Taking the (0, 2) part of this equation, we see that 

m- k = b^¥ k alN^, (3.6) 

which shows that the (0, 2) part of the torsion is independent of the choice 
of the metric (thus giving the proof of Lemma I2.3j) . 

By the definition of the canonical connection, the right hand side of (|3.5p 
has no (l,l)-part. Hence there exist functions a ki such that 

iP k da)-a)bi6l + ~ei = dJ\ (3.7) 

which can be rewritten as 

da i m -a)ei + a k Ji = a i kl a k J l . (3.8) 

Note that a % k( eiQ k ¥ can be interpreted as the difference of the two connec- 
tions V — V. Also, if g and g are quasi-Kahler, from (|3.5p we see that we 
have ajL« = a\ k . We will now calculate a formula for An. 

Lemma 3.1 For g and g almost- Hermitian metrics, and a), a l ki , bj as de- 
fined above, we have 

^Au = ai e ai e affi - a)a k R\ a + aj-oj^-flfty 

Proof Applying the exterior derivative to (|3.8p . using the first and second 
structure equations and simplifying, we have 

- a)^ m + a k l0 ? m ¥ A §1 + a k m ¥ k = a k m da kt A ¥ 

- a l u a?J k A ¥ + a\ ia k v a? m ¥ A ¥ - ot u a k J\ A ¥ + 4 e a k m ¥. 
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Multiplying by b™ and rearranging, we obtain 

(da^g + a k ^a^.j¥ + a r fi\, — 4f^r — a\.j¥^) A 9 

= -b?V j m a) + % - al e Q e . (3.9) 

Define a l rip and a l rep by 

¥ + (3.10) 
Then taking the (1,1) part of f|3.9|) we see that 

a\Jv A ¥ = (-R^ + a)b™b^ p W m j9v A ¥, (3.11) 
where we recall that by definition 

= -Ri m 9PA9 e 

Note that 

du = a T j da i j + a i j da J j . (3.12) 
Then we see that from (|3,8I) . 



= ^ u a)¥ + oja^aj^. (3. 13) 

Hence <9u = a^a^ajd . Applying the exterior derivative to this and substi- 
tuting from ([SMS]) . dSJOD and ([3TTTT) we have, 



ddu = aipdaLa p J q A ¥ + oLaJaLa?!* A 



a kt a j a vq a f ' Atf + a kl a j a pq a' j 



OfefOj Opgdj- v i\u -rujUj u kip 
+ ^aJ(-4^ + alb^K^Tp A ^ + 444,8*. 



A ^ + aiajoi / „0 p A 0* 



Hence 



(d«9u) ll ' iJ = a^a|a|, 9 o P 09 A 9 — a)a^R l kep 9P A 9 + afflbJb^R^P A ¥ . 

Then from the definition of the canonical Laplacian, we have proved the 
lemma. □ 

Now let v = det(o^) and set v = |z/| 2 = v17, which is the ratio of the 
volume forms of g and g. We have the following lemma. 
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Lemma 3.2 For g and g almost- Hermitian metrics, and v as above, the 
following identities hold. 

(i) (dd log = -R kJ k A9 I + RkjatyO 1 A W 

(ii) A log v = 2R - 2%a^a[- 

Proof This proof is essentially contained in |GH| . but we include it here 
for the reader's convenience. Write Vj for the (i,j)th cofactor of the matrix 
(af), so that v l - = vb^. Then 

dv = v\da°-. 



From ( 13.81 ) we have 

1 m ~ a j u m "I" a mPk u k£ u m u r 



i i _ i nj I „k rd i k £ qt 

<Ml m Ujl'm ~T U m U k Uj kl u, m u, r 



Hence 



dv = ^w pq a\ a \e k + a \9 k - afei) 



v k 9 k + v(ei-9f), (3.14) 



for Vfr = iSjap q a?a q k . Now 

dv = Vdv + vdV 

= v{v k e k + v(9\ - el)) + v(vk¥ + v{e\ - of)) 
= vv k e k + vv^e k . 

Hence dv = vv k 9 k . Define v k and Vr by dv = v k k + v k 9 k . Then v k = vv k . 
Applying the exterior derivative to (|3.14p and using the second structure 
equation we have 

= d(v k 9 k ) + dv A (0j - ej) + vd(9\ - ej) 

= d(v k 9 k ) + v k 9 k a {ej - ej) + v(¥ { - % 

Multiplying by V and using (|3.14p again we have 

= vd(v k 9 k ) + v k 9 k a (-vie 1 -dV) + v(¥i - i\) 
= d{Vv k 9 k ) + v k !T e 9 k a¥ + v(¥i - 
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Consider the (1,1) part 

(ddv) {1 ' 1] = -v k vie k a ¥ - v(w\ - ¥^ 

= ~^e k a¥- vR kI e k a¥ + vR^affi/ a ¥. (3.15) 

We also have _ 

._, ddv dvAdv 
da log v = 1 5 — , 

which combines with (|3.15p to give (i). From the definition of the canonical 
Laplacian we immediately obtain (ii). □ 

We now return to the Calabi-Yau equation ([1.70 : 

det g = e 2F det g, (3.16) 

for smooth F, where g is almost-Hermitian and g is almost-Kahler. Note 
that this equation can be rewritten in terms of v as 

]ogv = F. (3.17) 

We have the following lemma. 

Lemma 3.3 Suppose that g is almost-Hermitian and g is quasi-Kdhler and 
solves the Calabi-Yau equation \1. 7[ ). Then 

(i) An = 2aifitfffi + AF-2R + SA^iV* + 2<a^&J^ 

(ii) A log u > ± (AF -2R + W^N* + 24a%¥ q TZ m ) , 



where K m = R^ + 4Nr-N k . 

Proof From Lemma |3. 11 Lemma 13.21 and the identity (|2.2ip . 

Au = 2(4^ a M + 4 a i b i ¥ e R jqs) 



+ AF-2R + 8aia k (nLN^ + N~N k - 

3 J \ pi Ik li pi 



Using (|3.6p . we have 



s 

3 



a)a k [nLn?- + N*N*) = NLN?- + a k s a k b%N^K 

3 3 \ pi £k It pi) pi li s 3 Z l tj 1 

giving (i). 
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For part (ii) we compute, 

if |Vu 

A log u = — An 

u \ u 

1 ( t -r- 



+ AF -2R- ^ 



It remains to prove the inequality 

|V«|| < 2ual e ^ e a^ j . (3.18) 

From (|3.13[) we have 

|Vu|~ = 2u e ui, 

where ug = a l ja l M a k - = o}-B\-, where B\- = a l kl a k . Then using the Cauchy- 
Schwarz inequality, 

ueW = E a^BljdPB^ 



i,j,P,9 \ t 



E EKi'i* 



i |2 



1/2^ 2 



1/2^ 2 



EKi EN/ 
£ (EKi 2 ) (eib« 12 

which gives (|3.18|) . □ 
Finally we can give the proof of Theorem 13.11 

Proof of Theorem 13.11 Note that from the Calabi-Yau equation and the 
arithmetic-geometric means inequality, u = ^tv g g is bounded below away 
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from zero by a positive constant depending only on sup|-F|. Then from 
Lemma 13.31 there exists C and A' such that 

Alog-u > -C' - A'tigg, 

with A' depending only on the lower bound of T^j/y , and C depending only 
on J, sup \ F\ , AF and R. We apply the maximum principle to (log u—2A'ip). 
Suppose that the maximum of this quantity is achieved at a point xq. Then 
at this point, using (|3,ip . 

> AQogu - 2A'<p) > -C + A'tigg - AA'n. 

Hence 

w >. 4A'n + C 

Mw < — j, — • 

Using the inequality 

V n / « N n-1 



< 



nr=i ^ - (n - 1) 

that holds for any set of real numbers Aj > 0, and using the Calabi-Yau 
equation again, we see that u can be bounded from above in terms of tr^g 
and so we obtain an estimate 

u(x ) < C". 

It follows that for any x £ M, 

log u(x) - 2A'<p(x) < log C" - 2A' inf if, 

and the theorem is proved. □ 

Remark 3.1 Notice that if we assume TZ(g) > in Theorem l3.ll then from 
Lemma 13.31 we have 

Alogn > -C' + A'u, 

for some positive constant A' and the maximum principle immediately gives 
u < C. 
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4. First derivative estimate of g 

In this section we give an estimate on the derivative of an almost-Kahler 
metric g solving the Calabi-Yau equation (jl.7p . This is a generalization 
of the third order estimate of [Y] (see also the recent preprint [PSSJ for a 
succinct proof of the parabolic version of this estimate). Define 

s = \m\i 

where V is the canonical connection associated to g, J. Then we have the 
following theorem. 

Theorem 4.1 Let g be a solution of (fJ.7| j and suppose that there exists a 
constant K such that 

sup(tr s <7) < K. 

M 

Then there exists a constant Cq depending only on g, J, F and K such that 

S<C . 

Before we prove this theorem, we will need a number of lemmas. 
Lemma 4.1 S can be written as 

S = 4^, (4.1) 

where a l kt is defined by 

da l m - aftin + a k m 0\ = a\ t a k m ¥ . (4.2) 
Proof To see (|4.ip we calculate as follows: 

V {& ® (A = V{a)6 j ) ®¥ + ¥ ® V{a^¥) 

= (da))b{ tg> ¥ ® ¥ - a%b\ ®¥®¥ 

+ {da))b> k ® ¥ ® ¥ - a)bp J k ®¥®¥ 
= {da] - ale^bl ®¥®¥ + {da) - apf)tf, <g> ¥ ® ¥ 
= {ai s a)¥ - a r 3 ¥ r )¥ k ® ¥ <g> ¥ 

+ {a k rs a r j¥ - aJ0*)6j ® ¥ <g> ¥ 

= a{ s ¥ ®¥®¥ + ¥[T s ®¥®¥. 

Then since g = ¥ ® ¥ + ¥ (g> ¥, (jO) follows immediately. □ 
The following lemma gives a general formula for the Laplacian of S. 



20 



Lemma 4.2 We have 
-A5" = \a\i p — a l re a r kp \„ + |a^|| + a l M a l rl R kpp + aj^ajy-^p ~ a \i a k£^rpp 
+ 2Re(^ i (btb^ p Rl^ai p a r j - a)b*p p R? mqS al p b™ 
- aibf¥ p Ri q -y ip bf + aibfb^Ri^ - R kJ/ 



+4N P - M- + 4N P -N 9 - + 4N P - JV* + 4JV*-J\r*_ - 

qi,£ pk qi pk,£ qi,£ PI qi pq,i 



(4.3) 



Proof First, recall from ([3Jj]) and ([310]) that a\„ and 

Q'rin defined by 



''rtp 

<Kt + a \t ak rf + ak Ji ~ - <M = <i v & + <ep8 p , ( 4 - 4 ) 



and that 

(aU p 9 p + 4eJP) A ® £ = -K^L^j + K~ 4 e @ e . (4.5) 
Define functions a l rip q , a l rlpq , a l repq , and a' l rep q by the formulas 

da l rlp + a k r n p Q % k — ale q 6p ~ <Alp^r ~ a rjp"i = a r£p,q® 9 + a r£p,q^ Q ^ (4-6) 

d-Kip + a r£p@k ~ a r£q^P ~ a k£p®r ~ a rjp^£ = a r£p,q^ 9 + a r£p,q^ 9 ■ (4-7) 

Applying the exterior derivative to (|4.4p . using the last two definitions, and 
canceling many terms we get 

<e P J q A & + <4>,?^ Afl P + 4jR9^ A ^ + a ilp,q8 q A ^ 

= ~ a k rp a l s( ,a s J l A 9 p + a k . p a l k J s f\Q p + a k p alJ s A 6 P 
~ <4<<# A p + o^oj^^ A ^ + A 9 p 

+ 4^™© P " <AM ~ o™*? + 4 A (4-8) 



which will be useful later. To calculate the canonical Laplacian of S with 
respect to g, first compute 



95" = a l M da l kl + a l u da l M 
fa 



k£ a k£p + a k£ a k£p ~ a ke a rl ar kp)0 P - 
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Then compute 



d(dS) = {al ep a\ eq ei + a l klp a l km 9 q - a l k£p a l re a r kq 9i + a % kl a\ lp ^ q 
+ a ie a k£ P ,qd q + a kep a le q 9 q + °iep a m^ q ~ a k£p a re a lq® 



+ a) lt a r kp a % jt aP rq e q - a} kl a % rl a T kpq d q - a^a>fc P ^ (4.9) 

+ a k£ a ri ar jp a lqQ q ) A ® P + { a ke a k£p + °M a fe«p ~ a H a r£ a fcp)© P ) 

and hence 

(d^dS)) 1 ' 1 = (a % ktp a l Mq - a % ktp a l rl a r kq + a\ t a l klp;q + aj^a^ 

+ a k£ a k£p,q ~ a ktq a r£ a kp + a% r£ a kp a )l a kq 
- ajw«fcp4<a - 4e a rl a lp<i)0 q A P - (4.10) 
Then taking the (1,1) part of (|4.8|) we see that 

a k£ P ,q8 q A 6* p = (a l keq p + a l req a r kp + a^ a Ip<? 

+ + 4,-^- - a^yl^ A 0". (4.11) 

Multiplying (|4.11j) by a ke , substituting into (|4.10j) and using the formula for 
the Laplacian, we obtain 

1 

2' 



-AS — a l ktp a klp - a % Mp a l H a r kp + a % kjLp a % kPp - a % rl a r kp a\ lp 



+ d l ri a r kp a l st a kp — a l M a r kp a % r£p — a % M a l rt a r kpp 
+ a^a k £p iP + a k£ a kp a r £p + a ki a r £a kpp 

+ a' ki a r £R kpp + a \i a kj-^tpp ~ a% k ifl k gR rpp + a k£ a k£p,p 
= a Mp a Hp + a k£p a k£p ~ ^ e ( a k£p a r£ a kp) 

+ CL r ia kp a l si a kp + d l ke a r i / K kp - p + 4^ a fei ^pp ~~ d kl a k (K rpp 

+ 2Re(o i H 4^, P )- 
Completing the square, we obtain 

-AS = |aj^ p — a^a£ p | . + |a^p|? + a\ t al t R kpp + a ke aljR J ipp 

— a ki a r kl R % rpp + 2Re(o^a|.^p jP ). (4.12) 
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To calculate the last term, take the (1,1) part of (|4.5p to obtain 

a k£p = a )^k^p^mqs ~ ^kip- (4-13) 

Now recall from (|3,8p that 

da^ - a)Bl + a k Jl = a? kt a k m ¥ . (4.14) 

Similarly we have 

dbi + biel-y>ei = -y> ia i e e e . (4.i5) 

Taking the exterior derivative of (|4TT3|) . using (jMl), (077]), (|4TT4l) and (f^7T5]) 

we get 



- W m / - R\^f + bfbjga^aUR^ 

- b^aialAj* - bTb^ayaRlJ 1 
-bTbl¥ r a]af t Rl g f, (4.16) 

whose (1,0) part gives 

a l^p,t = ^T^^^mqsKt ^ ~ a )K%Rmqs a ktK L ~ ^T^p^rnqs^t^r 

+ a)bfb^b?R^ u -Ri £P)t . (4.17) 
Now from (pT7D . (l2TT8]) and (I23T1) 



4AT^- - 2*^ - 4% fc iV_ 9 -, (4.18) 



<J« pq,l n,yt, :t , HF ,n, p 

and using (|2.17p again we see that 



Combining ([4TT2]) . gUJ), (gJED and gives g3D- □ 

To deal wit' 
another lemma. 



To deal with the terms involving derivatives of N*- in (|4.3p we need 

3 « 
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Lemma 4.3 We have 

(V %™ = Wk b ™ a t N ht + Wk a t N ^ a * 



III 



(Hi) 4 e N^ . p _ < C(S + 1) + - \a\ tp - aUa r kp \ 2 ., 



for a constant C depending only on g, J, sup M tr 5 <? and sup M trgg. 
Proof Recall from (|3.6p that we have 

jk - °j D k a t Iy rs- 

Applying the exterior derivative to this and using (|4.14|) . (|4.15|) and (|2.7|) 
we obtain 

j k,m j k,m 



" aUWM- s O m ~ ai m b^ e alN^. (4.20) 

Equating the (1,0) and (0,1) parts of (|4.20p gives (i) and (ii). For (hi), 
apply the exterior derivative to (i) and substitute from (|4.4p to get 

^Jk,mp = b jK b rn^p a t^Ys,£q + ^kPp a t a em^7s,q ~ ^j^k^q a t a mp^¥s,e 

+ V^ k h s m a\a\ v N^ + WA^tmr ( 4 - 21 ) 

The only term that is not comparable to yS is the last one. To deal with 
this we hrst compute, using ([27T6]) . (I2T20]) and ((33]) 



fi\ = & „ + ANi-M T + 4A£JV*, 

jkt kji p£ jk it pj 



R e ,, + 4N±-,N* + ANi-M-r + 4NF-NK 

]ki pi kj pi jk il pj 



R )ki + m Ipi N Pk3 + m ilp N pkj + ± N pu N pk-j + 4N pU N jpk 



jki il pfc' 
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and use this, (ETLTD . (I2TT8D and (I2TT9]) to compute 



2Ni 



2K 



kp£,p 



^ K iqp N ^J + Rkpp,l ~ Rkip,p 



+ Kpi, ~ Kip + ^h/lv + ^rfiipl 



qt ip q£,p 



2.vi' . + 4JV±, fc iy? - 4JV4L fi* + 4NL + mLNh_ - 

tp,pi {"d}* pi iq,k pi ip,Z VP ip qp,l 



-ANL N k --ANLN\ . 

ip,p qt ip q£,p 



(4.22) 



This means that, up to an error comparable to y/S, we can interchange the 
last two covariant derivatives on N. Finally recall from (|3.5p that 



and so 



al £ e e Ae k = a)T^ k bp e A6" 



a ki — a \k + ^jK^e^pq- 



(4.23) 



From (I4T22D . (14T2TD . (l3T6j) and (|4T23|) . 



2 7V7-A 

a M N-„ 



tp,ip 



<C(S + 1) + 



<C(S + 1)+ ai e N?a k qpi 



<C(S + 1) + 



l \zNj {a qpi — a rp a qi ) 



+ 



a kt a rp a qi^ p 



<C(S + 1) + - 
<C(S + l) + ~ 



k _ k r 
qpt rp^qi 



k _ k r 
qpi rp^qi 



+ 



+ 



a l ki a k p a r qi Nj_ 



a ke a rp a iqNj- 



where the constant C differs from line to line, and where we have used the 
inequality 

2ab < ea 2 + -b 2 , 

£ 

for any e > and any real numbers a and b. Finally, using (|2.3|) we can see 
that the term a\i0^ p a r iq N q j p vanishes: 



1 



a kl a rp a iq^qjp = ~^\ a kt a rp a iq + a kp a rq a it + a kq a H a ip)^qlp 

= \al e a h rp a r iq (N rif + N j + N~ m ) = 0. 
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□ 

We can now prove the following lemma. 

Lemma 4.4 Let g be an almost- Kdhler metric solving the Calabi- Yau equa- 
tion |i. 7| j and suppose that there exists a constant K such that 

sup(tr 9 <?) < K. 

M 

Then there exist constants C\, C 2 depending only on g, J, F and K such 
that 

KS>-dS-C 2 . (4.24) 

Proof By assumption, the a*- and 6*- are uniformly bounded. From (13. 17ft 
and (|2.29p we have 

(dd log t>) (lll) = —F P q6 p A W. 
Then from Lemma 13.21 we have 

It follows that < C and |-R fc | p |^ < C(S + 1), for a constant C depend- 

ing only on g, J, F and K. Then the inequality (|4.24j) follows from Lemma 
S2] and Lemma H31 □ 

Finally, we complete the proof of Theorem 14.11 

Proof of Theorem 14.11 Following [Yj we apply the maximum principle to 
S + C'u, for a constant C to be determined later. Note that from Lemma 
13.31 (i) , we have 

Au > C^S-C 4 , 

for positive constants C3 and C4 depending only on g, J, F and K. Choose 
C' = Cz{C\ + 1) then from Lemma 14.41 we see that 

A(S + C'u) >S-C 2 - C'C A , 

and then by the maximum principle S is bounded from above by Co = 
C 2 + C'C A + C'K. □ 
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5. Proof of Theorem 1 

Let g solve the Calabi-Yau equation (jl.7p . We will write V 9 and dV g 
for the Levi-Civita covariant derivative and volume form associated to the 
metric g. We have the following lemma. 

Lemma 5.1 For every a > there exists a constant C depending only on 
(M, Q, J), F and a such that 

-micp<C + log ( f e- a ^dV„ 




Proof of Lemma 15.11 Let 5 > be a small constant. In the following 
C will denote a uniform constant, depending only on 5 and the fixed data, 
which may change from line to line. Define w = e~ Blp for B = jh$A. Write 
7 = 1 — 5 > 0. For p > 1, from Theorem 13.11 and the Calabi-Yau equation, 



~ A Jde 2 A w n_1 



f \V g w p ' 2 \ 2 dV g < -C [ {ti g ~g)de 
Jm Jm 

< -Cp 2 e- B ^ in{M * I e- B{p ~^dip A J dip A u^ 1 



M 



P 2 H...N7 



r70 
P-7 



Ai 



< Cp|MI£o / w p ~~<dV g , 



M 



using the fact that Atp < 2re from (|3.ip . The Sobolev inequality gives us, 

ll/lli^cdiVp/iil + ii/nl), 

where || |L denotes the L q norm with respect to g (we allow later < q < 1, 
defined in the obvious way). Applying this to / = w p / 2 , we obtain 

( [ W Pl3 dVg) ^ < C( [ \VgW P/2 \ 2 dVg+ [ W P dV g 

\Jm J \Jm Jm 



< Cp\\wf o0 / w p ~UV g . 
Jm 
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Raising to the power 1/p we have 



\w\\ pP < CVPpVP\\ w f^\\ w \\ ( *Z l)/p . 



lp-7 



By the same iteration as in |Wlj we replace p with p/3 + 7 to obtain for 
k = 1,2,..., 

IML/3 < c(fc)lhlfc aW IMIj!£}, 



where 



Pfc =pt3 k + 1 {l + f3 + (3 2 + ---(3 k - 1 ) 

C (k) = c ^+--- + ^pf /Pk pf~ 1/Pk ...pl /Pk 

{p-l)P k 



o(Jfe) 



Pa 



Set p = 1 and let fc — > 00. Since C(fe) is uniformly bounded from above and 
a(k) -*a£ (0, 1), we have 

IHIco < C[|HI«> 

and choosing 5 sufficiently small completes the proof of the lemma. □ 
From this lemma, Theorem 13.11 and Theorem 14.11 we have the estimate 

llsllci < C, 

where C depends on ft, J, a, a and I a (f). It remains to prove the higher 
order estimates. Following |W2| . define a 1-form a by the equations 

uj = — -d(Jdtp) + da, 

and d~a = 0, where d*~ is the formal adjoint of d associated to g. Note that a 
is defined only up to the addition of a harmonic 1-form. From the definition 
of ip it follows that da A Cb n ' 1 = 0. Let's call V : A 2 (M) A 2 (M) the map 
that associates to a 2-form 7 its (2, 0) + (0, 2) part, so that 

V 7 (X,Y) = ±( 7 (X,Y)- 7 (JX,JY)). 

Since cj is compatible with J we have VCo = 0, but in general Vtt 7^ 0. Now 
set / = ip in (|2.23p and take the (2, 0) part to get 

tpijOt A 9 i + ip^Nfrf A 9 l + <p k T*0i A9 l = 0. 
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Applying V to (|2T28l) . 



Vd{Jdip) = 2V^lVddip 

which involves only one derivative of (p. Now the 1-form a satisfies the 
following system 

da A Co" 1 - 1 = 

Vda = -VQ + v 73 ! (<PkNji& a¥- (pjflfjP A 0*) (5.1) 

'/;•/' ()• 

which is elliptic (its symbol is injective, although not invertible if n > 2). 

Note that the kernel of (|5.ip consists of the harmonic 1-forms. Indeed, 
da A a) 71 " 1 = and V{da) = together imply that *da = —c n uo n ~ 2 A da 
for some universal constant c n . Then if a is in the kernel of (15, ip . we have 
H^ a lli 2 (g) = after integrating by parts. Since <i~a = 0, we see that a is 
harmonic with respect to g. 

Fix any < f3 < 1. Since is uniformly bounded in C^ 3 , we can apply 
the elliptic Schauder estimates to (|3. 1 j) to get a bound ||(/j|| C 2+/3 < C. Hence 
the right hand side of (|5.ip is bounded in C 1+/3 , and the coefficients of the 
system have a C@ bound, so assuming that a is orthogonal to the harmonic 
1-forms, the elliptic estimates applied to (|5.ip give C 2+ ^ bounds on a. By 
differentiating the Calabi-Yau equation in a direction d/dx 1 we obtain 

A(di<p) + {lower order terms} = 2d{F + g pq dig pq , (5.2) 

where the lower order terms may contain up to two derivatives of ip or 
a, and so are bounded in . Applying the Schauder estimates again we 
get |Mlc3+/3 < C, and using (|5.1|) again we get ||a|| C 3+/3 < C. Now a 
bootstrapping argument using (|5.2[) and (15. ip gives the required higher order 
estimates. This completes the proof of Theorem 1. □ 



6. Proof of Theorem 2 

As before, let g be an almost-Kahler metric solving (|1.7p . Let g be an 
almost-Hermitian metric with the property that TZ(g) > 0. By the argument 
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of the last section, to prove Theorem 2, it suffices to prove a uniform upper 
bound for u = \tT g g. 

From Lemma 13.31 we have 

An > -C, 

for a constant C depending only on the fixed data. We claim that this is 
enough to bound u uniformly from above. Indeed, for p > 1, 

Atb n 

M JM 



-Cp 2 [ uP^duAJduAti"- 1 
JM 

-Cp [ d(u p ) A Jdu A Co* 1 ' 1 
JM 



= Cp u p d(Jdu) A ui 
JM 

= -Cp I u p {hu)£o r 

JM 

<C P [ U P dVg. 

JM 



n—1 



Hence 

[ \Vu p / 2 \ 2 dV g <Cp [ vPdVg. 

JM JM 

Then from the Sobolev inequality, we obtain 

\\u\\ LP0 < c^V^IMIlp, 

for (3 = ~zPzr ' Replacing p with p(3, iterating, and then setting p = 1 we 
obtain 

lliillc — cII^IIl 1 - 



But this last quantity is bounded, because from (|3.2p and the Calabi-Yau 
equation (|l.lj> . 

r r.n—1 a n r 

udv q < c / - — —n n < c / cb n ~ l a n = c\n] n . 

M 9 ~ J M ^ ~ JM 

This completes the proof of Theorem 2. □ 
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